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VCE Mathematical Methods 2021
examination 1 solutions

Nhan ¢ 05 November 2021

These solutions aim to be exemplary, but not necessarily complete. They are not intended to reflect
how one would answer the questions on an actual examination. Please note that whilst my solutions
are meant to be correct as far as possible for the purposes of the VCAA examination, my only
qualification is having been a student of VCE Mathematical Methods and I can make no guarantee
of the mathematical rigour of what is presented. If there are any errors, please email me.

question summary
final answer

Formula sheet

Solutions for the 2021 written examination 1.

Question 1

d
Using the formula sheet, T (e?) = ae®. Here, a = —3.
T

21(6_3:”) =2x —3e %"

dz
= —6e ¥

b. f(z) = z+/2z + 1. Find f'(4).

d d d 1
Using the formula sheet, product rule — (uv) = w4 =2 Here,u = zandv = (2z+1)2.
dz dz dz

d
Using the formula sheet, - ((az +b)") = an(az + b)" ! (a form of the chain rule).
T
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Question 2

f'(z) = 3 + z and f(1) = 2. Find the rule of f(z).

1
Using the formula sheet, / "de = ——z"" + ¢
n+1

1 1
f(z) = Zm4 + -z’ +c

2

f(1)=2

1 14+1 12 + 2
_>< —)( =
4 2 ¢
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1, 1, 5
f@=3v 43"+

Question 3

9: R — R,g(z) = 2sin(2x)

a. State the range of g.

For a function in a form a sin (%), the range is [—a, a]. Here, a

The range of g is
[_2a 2]

b. State the period of g.

T
For a function in a form a sin (3> , the period is 27b. Here, b =

The period of g is

s

c. Solve 2sin(2z) = v/3 for z € R.



2sin(2z) = V3
V3
2
2ac:27m+§,27m+23—7T forne Z

sin(2z) =

T ="mn+ Z,ﬂ'n+ r forn e Z
6 3
This general solution should confirm that the period of g is 7.

Question 4

2
a. Sketchy=1— ——.
x—2

The graph has a vertical asymptote £ = 2 as

2

—1-

Y 22
42
0

is undefined.

The graph has a horizontal asymptote y = 1 as

1=1 2
o T —2
2 =0
x—2
2=0

is impossible.
The graph has a y-axis intercept where z = 0.
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y 0_2
_9

The y-axis intercept is at (0, 2).

The graph has an x-axis intercept where y = 0.

2

—1—
0 r—2

r=4

The x-axis intercept is at (4, 0).

is below.

2
The graphof y =1 —
x



b. Find the values of  where 1 — > 3.

€Tr —

2
1 :13—2_3
2
2= T —2
—2x+4=2
—2r = -2
r=1

From the graph,
z € [l,2)

Question 5
f:R— R, f(z)=2>—4andg: R — R,g(z) =4(z —1)* — 4.

a. f and g both have a horizontal axis intercept at (2, 0). Find the coordinates of the other horizontal
axis intercept of g.

g(z) =0
4z —-1)*—-4=0
z=0,2



(0,0)

1
b. h is f dilated by a factor of 3 from the vertical axis then translated 2 units right. Find the rule

and the coordinates of the horizontal axis intercepts of h.

1
:B':Em+2
T =2(z' —2)

For the rule of A:

hz) = f(2(z — 2))
= (2(x—2)* -4
h(z) = 4(x — 2)* — 4

For the horizontal axis intercepts of hA:

h(z) =0
z=1,3
(1,0),(3,0)

Note that h(z) = g(x — 1), so the horizontal axis intercepts of & can be found also by translating
the horizontal axis intercepts of g 1 unit right.

Question 6

A shop sells boxes of doughnuts. A doughnut can be glazed, have custard, neither, or both. A box

1 1
contains 20 doughnuts. 3 have custard, 0 are not glazed, and 0 are glazed and have custard.

a. Find the probability that a doughnut taken at random from the box is not glazed and has custard.

Let G be the event that the doughnut is glazed, and C be the event that the doughnut has custard.

Pr(G'nC) =Pr(C) —Pr(GNC)

b. The 20 doughnuts are randomly allocated to boxes A and B, which each now contain 10
doughnuts. Let g be the number of glazed doughnuts in box A. A box and then a doughnut is chosen
at random. Find the probability that the doughnut came from box B given that it is glazed, in terms
of g.

7
The number of glazed doughnuts overall is (1 — ﬁ) % 20 = 6. The number of glazed doughnuts
inbox Bis6 — g.

n(BNG)
n(G)
6—g

6

Pr(B|G) =



1 .
c. The shop has many visitors, with 3 of these vistors less than 25 years old. P is the random

variable representing the proportion of visitors less than 25 years old from a random sample of 5
visitors. Find Pr(]3 > 0.8).

Let X be the random variable representing the number of visitors who are less than 25 years old in a

1
random sample of 5 visitors, X ~ Bi (5, E)

. X
Using the formula sheet, P = —. Here, n = 5.

n
p==X
5
X =5P
Pr(P >0.8) = Pr(X > 4
—Pr(X =4

Question 7

X is a random variable with probability density function f

k

— 1< xx<2
f@y=qaz =7

0 elsewhere

a. Show that k = 2.

o0

For any probability density function, / f(z)dz = 1. Using the formula sheet,

1
/m"d:z: = "t
n+1

2
/ kx %dz =1
1
2
k/ z 2dzx =1
1

—172
k[—27],
k(=271 +171)
k

—0o0

1
1
2

b. Find E(X).



1
Using the formula sheet, / —dz = log,(z). Using the formula sheet, mean for a continuous
x

probability distribution
E(X)=p
0
= / zf(z)dz

(0.¢]

2
2
—/ T X —2dx
/ —dzx
—2/ ld:c
T
= 2[log, ()]}

= 2(log,(2) — log,(1))
= 2log,(2)

Question 8

d x 3
The derivate of a function is d—y =Vvx+6— 3 3 The function has a single stationary point
x

a. Find the rule of the function.

Using the formula sheet, / (ax 4+ b)"dx =

/—da:

(az +b)"™ 4.

_
a(n+1)

1z 3
o 2____
/( + 6) 5 2)d:c
2 3 1
-3+ 0T - gat - gere
29

2 3 1 3
Substitute (z,y) = (3, ) intoy = g(x +6)2 — Zmz - —z+ec

4 2

29 2 3 1 ., 3
- 3+6)2 —— x3“——x3
$ 3BTy g (o te
c=—4
. . 2 321,
Substitute c = —4intoy = —(x+6)2 — —z* — -z +c
3 4 2
2 31, 3
= — 2 — — — —r —
Y 3(:U+6) 1 5T 4

29
b. Determine the nature of the stationary point (3, I) .



d
Test for y or il using values of x either side of x = 3.

dx

29 d
We know that when z = 3, y = — and Y _

4 dx =0

4 d )
When z = 10,y = -3 andd—z =5

29 29 d
Note that y < 7 either side of (3, T) , or note that d_y changes sign from positive to negative
x

at (3, ﬁ)
4

The stationary point is a local maximum turning point.

» Non-Methods method
Question 9

Consider the unit circle 2 + y* = 1, point O = (0, 0), point A = (2,0), and point P on the unit
circle. The tangent to the circle at point P is perpendicular to the line O P, and passes through point

A.

2
a. Show that the equation of the line through points A and P is y = — = + —.

V3 V3
Triangle AOP is a right-angled triangle with side lengths AO = 2 and OP = 1.

cos(LAOP) =

LAOP =

w| 3o "‘{L‘%

Using m = tan(#), where m is the gradient of a line and @ is the angle that the line makes with the
positive direction of the horizontal axis. The line segment AQ lies on the horizontal x-axis.

mop = tan(£LAOP)

— tan (%)

V3

Using mimy = —1, where mj and my are the gradients of perpendicular lines. The lines AP and
OP are perpendicular.
map X mop = —1
-1
map =
mop
-1

V3



Using y — yo = m(x — zo), where m is the gradient of the line and (zo, yo) is a point on the line.

1
Here, m = — and (zg,yo) = (2,0).
V3

T n 2
y=-——+—
V3 V3
. : z 2 .
h is the line y = — —— 4+ — dilated by a factor of g from the x-axis, ¢ € R \ {0}.

V3 W3
b i. Find the values of q for which h intersects the unit circle at least once.

The original line, h when g = 1, touches the the unit circle once. The original line reflected in the x-
axis, h when ¢ = —1, similarly touches the unit circle once. For ¢ € (—1, 1), h intersects the unit
circle twice.

Note the restriction on q.
q € [-1,1]\ {0}

b ii. h intersects the unit circle twice. Find the values of g for which the coordinates of the points of
intersection of A and the unit circle have only positive values.

h intersects the unit circle twice when g € (—1, 1). The y-coordinates of the points of intersection
are positive when ¢ > 0.

The x-coordinates of the points of intersection are positive when the y-axis intercept of hisaty > 1

, otherwise one point of intersection will be at a non-positive x-coordinate. The y-axis intercept of
2

E.

the original line is at y =

qxi_>1
V3
2

(29

0 < g < 1. P’ is the point of intersection of h with the unit circle closest to A and @ is the angle
ZAOP'. gis a function of  giving the area of the triangle OAP’.

c i. Define the function g.
T
From part a., wheng = 1,0 = 3

0<qg<l1
0<0<7T
-3

To find the rule of g, we have two methods.



Method 1

1
Using the formula sheet, area of a triangle is Ebc sin(A). Here,b = 2,c=1,and A = 6.
1 .
9(0) = 5 % 2 x 1 x sin(0)

= sin(6)

Method 2

1
Using area of a triangle is 3 x base x height. Here, base = 2 and height is the y-coordinate of

P’ which is sin(#) as P’ lies on the unit circle.

9(6) = % « 2 x sin(6)
= sin(0)
g: (o, g} ~ R, g(0) = sin(6)

c ii. Find the maximum possible area of the triangle OAP’.

™ ™
g(0) is increasing for its entire domain 6 € (0, g} . g(0) is at its maximum when 6 = 3

(W) = \/5 square units
g 3) " 5 q

email GitHub

Site by me, thanks to Jekyll, GitHub Pages, and others.


mailto:nhan.nguyen.tbc@gmail.com
https://github.com/nbn-tbc
https://jekyllrb.com/
https://github.io/
https://github.com/nbn-tbc/nbn-tbc.github.io#readme

